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We introduce and investigate new models of the Chern-Simons type in the three-dimensional
spacetime, focusing on the existence of compact vortices. The models are controlled by potentials
driven by a single real parameter that can be used to change the profile of the vortex solutions as
they approach their boundary values. One of the models unveils an interesting new behavior, the
tendency to make the vortex compact, as the parameter increases to larger and larger values. We
also investigate the behavior of the energy density and calculate the total energy numerically.
PACS numbers: 11.10.Kk, 11.27.+d
I. INTRODUCTION
Vortices are topological structures that appear in (2, 1)
spacetime dimensions, under the action of a complex
scalar field coupled to a gauge field which evolves obey-
ing the local U(1) symmetry. The study of relativistic
vortices started in Ref. [1, 2], by considering a model
governed by the Maxwell dynamics. However, one can
also investigate vortices with the dynamics controlled by
the Chern-Simons term, whose general properties where
shown in Refs. [3–5]. The first studies considering Chern-
Simons vortices appeared in Refs. [6–8]; for more on this
see, e.g., Ref. [9].
The class of vortices that appears in models driven
by the Chern-Simons term presents some interesting fea-
tures, beyond the fact that they engender a magnetic flux
that is quantized by its intrinsic vorticity. A peculiar be-
havior which deserves to be pointed out is the existence
of an electric field and the fact that the magnetic field
is related to the electric charge density associated to the
Chern-Simons vortex solutions.
Soon after the first works on Chern-Simons vortex
[6–8], other generalized models that also support vor-
tex solutions appeared in Refs. [10, 11]. On the other
hand, over the past twenty years generalized models have
been considered with other motivations. One of the first
models with non-canonical kinetic term was presented
in Ref. [12], in the context of inflation. Afterwards,
Refs. [13, 14] studied generalized models as a tentative to
solve the cosmic coincidence problem [13, 14]. It is worth
mentioning that non-canonical models may present dis-
tinct features from the standard case. In the inflation
scenario, for instance, these models may not require the
presence of a potential to drive inflation. One can also
study generalized models with defect structures in field
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theories, as in Refs. [15, 16]. These models have been
studied in several papers, in particular in [17–24]. An in-
teresting fact here is that compact structures, firstly con-
sidered in Ref. [25] in models comprising nonlinearity and
nonlinear dispersion, and later studied in Refs. [26–29],
are also found in generalized models, as seen in Ref. [30].
Compact vortices in generalized Maxwell-Higgs models
were found in Ref. [31]. They engender interesting fea-
tures, such as the mapping of an infinitely long solenoid,
if one includes a third spatial dimension.
In this work, we want to further investigate the pres-
ence of vortices in Chern-Simons models, but now focus-
ing on generalized models. The idea is to follow Ref. [32]
and propose new solutions of the vortex-like type in the
case of non-canonical models. To do this, in Sec. II we
first review the properties of the generalized model pre-
sented in Ref. [32], and then go on and investigate two
distinct models in Sec. III. The first model presents a
parameter that controls the potential, which may be in-
creased to make the model become the standard model
described in Refs. [6, 7]. The second model is also con-
trolled by a real parameter, but now it starts at unit
value with the standard model of Refs. [6, 7] and makes
the vortex compact if it is increased to larger and larger
values. We conclude the work in Sec. IV.
II. GENERALIZED CHERN-SIMONS
VORTICES
We work with a complex scalar field and a gauge field
governed by the pure Chern-Simons dynamics in (2, 1)
spacetime dimensions. We use the class of generalized
models presented in Ref. [32], which is described by the
action S =
∫
d3xL, with the Lagrangian density L given
by
L = κ
4
αβγAαFβγ +K(|ϕ|)DµϕDµϕ− V (|ϕ|). (1)
In the above expression, ϕ is the complex scalar field,
Dµ = ∂µ + ieAµ, Fµν = ∂µAν − ∂νAµ and V (|ϕ|) is the
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2potential. Also, κ has to be a constant, to keep gauge in-
variance of the action. The dimensionless functionK(|ϕ|)
is in principle arbritrary, although it has to allow the ex-
istence of solutions with finite energy. The standard case
studied in Ref. [7] is obtained for K(|ϕ|) = 1. We are
using Aµ = (A0, ~A), such that the electric and magnetic
fields are defined by
Ei = F i0 = −A˙i − ∂iA0 and B = −F 12, (2)
with (Ex, Ey) ≡ Ei and i = 1, 2. The equations of motion
for the fields ϕ and Aµ are given by
Dµ(KD
µϕ) =
ϕ
2|ϕ|
(
K|ϕ|DµϕDµϕ− V|ϕ|
)
, (3a)
κ
2
λµνFµν = J
λ, (3b)
where the current is Jµ = ieK(|ϕ|)(ϕ¯Dµϕ−ϕDµϕ). The
energy momentum tensor Tµν for the generalized model
(1) is given by
Tµν = K(|ϕ|)
(
DµϕDνϕ+DνϕDµϕ
)
− ηµν
(
K(|ϕ|)DλϕDλϕ− V (|ϕ|)
)
. (4)
We now consider static configurations. In this case,
the energy density is given by
ρ ≡ T00 = 2e2K(|ϕ|)A20|ϕ|2+V (|ϕ|)−K(|ϕ|)DλϕDλϕ,
(5)
The component A0 that appears in the above equations
is not an independent function. From the temporal com-
ponent of the Eq. (3b), we get that A0 is constrained to
obey
A0 =
κ
2e2
B
|ϕ|2K(|ϕ|) . (6)
This leads to
ρ ≡ T00 = κ
2
4e2
B2
|ϕ|2K(|ϕ|) +K(|ϕ|)DiϕDiϕ+V (|ϕ|). (7)
To search for vortexlike solutions, we take the usual
ansatz
ϕ(r, θ) = g(r)einθ, (8a)
A0 = A0(r), (8b)
Ai = −ij x
j
er2
[a(r)− n] (8c)
where r and θ are polar coordinates and n is an integer,
the vortex winding number. The functions g(r) and a(r)
must obey the boundary conditions
g(0) = 0, a(0) = n, lim
r→∞ g(r) = v, limr→∞ a(r) = 0.
(9)
With the ansatz (8), we have DµϕD
µϕ = e2g2A20−(g′2+
a2g2/r2), where the prime denotes the derivative with re-
spect to r. Furthermore, the electric and magnetic fields
in Eq. (2) become
Ei = −A′0
xi
r
and B = − a
′
er
. (10)
The magnetic flux Φ = 2pi
∫∞
0
rdrB(r) is quantized:
Φ =
2pin
e
. (11)
The electric charge is given by Q = 2pi
∫
rdrJ0. By using
Eq. (6), one can show that the charge can be written
in terms of the magnetic flux (11) as Q = −κΦ, which
makes the electric charge to be quantized. The equations
of motion (3) with the ansatz (8) are given by
1
r
(rKg′)′ +Kg
(
e2A20 −
a2
r2
)
+
+
1
2
((
e2g2A20 − g′2 −
a2g2
r2
)
K|ϕ| − V|ϕ|
)
= 0, (12a)
a′
r
+
2Ke3g2A0
κ
= 0, (12b)
A′0 +
2Keag2
κr
= 0. (12c)
Also, the energy density (7) becomes
ρ =
κ2
4e4
a′2
r2g2K(g)
+
(
g′2 +
a2g2
r2
)
K(g) + V (g). (13)
To find the energy density (13), one has to solve the
equations of motion (12), which is a very complicated
task, since they are coupled second order differential
equations. However, in Ref. [32], it was shown that the
first order equations
g′ =
ag
r
and a′ = −2e
2rg
κ
√
KV (14)
solve the equations of motion (12) if the functions K(|ϕ|)
and V (|ϕ|) are constrained to obey
d
dg
(√
V
g2K
)
= −2e
2
κ
gK. (15)
Below we further explore generalized models of the
class presented above, searching for vortex solutions that
solve the first order equations (14) and obey the con-
straint (15). For simplicity, from now on we consider
e = κ = v = 1 and work with dimensionless fields, set-
ting n = 1 to explore the case of unit vorticity.
III. NEW MODELS
We see from (1) that the model is specified once the two
functions K(|ϕ|) and V (|ϕ|) are given explicitly. Below
we study two distinct possibilities.
3A. Model 1
Let us first consider the model that is specified by the
functions
K(|ϕ|) = (1− |ϕ|2l)2 , (16a)
V (|ϕ|) = |ϕ|2 (1− |ϕ|2l)2
×
(
1− |ϕ|2 + 2
l + 1
|ϕ|2l+2 − 1
2l + 1
|ϕ|4l+2
)2
,
(16b)
where l is a real parameter such that l ≥ 1. The above
pair of functions is compatible with Eq. (15). This poten-
tial has a minimum at |ϕ| = 0 and |ϕ| = 1, regardless the
value of l. Whilst these minima are fixed, the maximum
between them, which cannot be calculated analytically,
changes with l. The above potential also has other min-
imum for |ϕ| > 1, which is solution of the equation
1− |ϕ|2 + 2
l + 1
|ϕ|2l+2 − 1
2l + 1
|ϕ|4l+2 = 0. (17)
However, here we are only interested to find solutions in
the sector 0 ≤ |ϕ| ≤ 1. To illustrate this, in Fig. 1 we
depict the potential (16b) in the interval 0 ≤ |ϕ| ≤ 1 + δ,
for δ small and for several values of l, to illustrate how
the potential behaves around the minimum at |ϕ| = 1.
One can see that the concavity of the potential in the
minimum |ϕ| = 1 narrows as we increase l. However,
for ϕ → 1 from the left, the potential has almost the
same behavior. Also, the minimum located outside of
the aforementioned sector gets closer to |ϕ| = 1 as l gets
larger. In the limit l→∞, this potential tends to become
V∞(r) =
{
|ϕ|2 (1− |ϕ|2)2 , |ϕ| < 1
∞, |ϕ| > 1. (18)
Therefore, inside the sector 0 ≤ |ϕ| ≤ 1, the potential
tends to behave as the one studied in Refs. [6, 7].
In the general case, the first order equations (14) be-
come
g′ =
ag
r
(19a)
a′ = −2rg2 (1− g2l)2(1− g2 + 2g2l+2
l + 1
− g
4l+2
2l + 1
)
.
(19b)
We can study the behavior of the above equations near
the origin by considering a(r) = 1 − a0(r) and g(r) =
g0(r) up to first order in a0(r) and g0(r). This leads
to a0(r) ∝ r4 and g0(r) ∝ r. The first order equations
(19a) and (19b) are very hard to be solved analytically,
so we conduct the investigation numerically. In Fig. 2, we
display the solutions of Eqs. (19a) and (19b) for several
values of l. Notice that, even though the solutions tend
to approach their boundary condition as l increases, they
do not compactify, due to the fact that the potential
FIG. 1: The potential of Eq. (16b) is depicted for l = 1, 2, 4
and 64, with the case l = 1 as the dotted line.
FIG. 2: The solutions a(r) (descending lines) and g(r) (as-
cending lines) of Eqs. (19a) and (19b), depicted for l =
1, 2, 4, 8, 16, 64, 256 and 1024, with the case l = 1 as the dotted
line.
admits the limit (18), which does not give rise to compact
solutions inside the sector that is being considered.
The electric and magnetic fields are obtained from
Eq. (10), so we use the numerical solutions of Eqs. (19a)
and (19b) and plot them in Fig. 3 for several values of l.
We also display the temporal gauge component (6). The
energy density can be calculated from Eq. (13). In this
case, it is given by
ρ =
a′2
4r2g2 (1− g2l)2
+
(
g′2 +
a2g2
r2
)(
1− g2l)2
+ g2
(
1− g2l)2(1− g2 + 2g2l+2
l + 1
− g
4l+2
2l + 1
)2
. (20)
We have plotted the above energy density for the numer-
ical solutions of Eqs. (19a) and (19b) in Fig. 3 for several
values of l. As l gets larger and larger, the vortex energy
density gets an internal structure. Numerical integration
4FIG. 3: The electric (top left) and magnetic (top right) fields
(10), the temporal gauge field (6) (bottom left) and the energy
density (20) (bottom right) plotted for l = 1, 2, 4, 8, 16, 64, 256
and 1024, with the case l = 1 as the dotted line.
FIG. 4: The potential of Eq. (21), displayed for l = 1, 2, 4 and
8, with the case l = 1 as the dotted line.
of these energy densities over all the space gives the en-
ergy E ≈ 2pi, which is independent of l.
B. Model 2
The second model which we consider is described by
the generalized model (1), but is specified by the pair of
FIG. 5: The solutions a(r) (descending lines) and g(r) (as-
cending lines) of Eqs. (22) plotted for l = 1 and increasing
to larger and larger values, with the case l = 1 as the dotted
line. The dashed lines stand for the compact limit (23).
functions
K(|ϕ|) = l|ϕ|2l−2 and V (|ϕ|) = l|ϕ|2l
(
1− |ϕ|2l
)2
,
(21)
which are compatible with the constraint (15). In the
above expressions, l is a real parameter such that l ≥ 1.
The model is simpler than the previous one. The po-
tential has a minimum at |ϕ| = 0 and |ϕ| = 1. In be-
tween these two minima there is a local maximum at
|ϕmax| = 1/31/(2l) such that V (|ϕmax|) = 4l/27. As l
increases, |ϕmax| approaches more and more the mini-
mum at |ϕ| = 1, and V (|ϕmax|) increases to lager and
larger values. The standard case, which was studied in
Refs. [6, 7], is obtained for l = 1. In Fig. 4, we display
the potential (21) for several values of l to illustrate its
general behavior.
In this case, the first order equations (14) become
g′ =
ag
r
and a′ = −2lrg2l (1− g2l) . (22)
Before trying to solve them, we can study their behavior
near the origin by taking a(r) = 1 − a0(r) and g(r) =
g0(r) up to first order in a0(r) and g0(r). This shows
that a0(r) ∝ lr2(l+1)/(l + 1) and g0(r) ∝ r. A similar
procedure can be used to find the asymptotic behavior
of the functions by taking a(r) = a∞(r) and g(r) = 1 −
g∞(r) in Eqs. (22). This leads to a∞(r) ∝ 2lrK1(2lr)
and g∞(r) ∝ K0(2lr). In the latter expressions, Km(z)
is the modified Bessel function of the second kind. The
asymptotic behavior shows that the functions a(r) and
g(r) approach their respective boundary condition faster
and faster as l increases, a behavior that shows that the
solutions tend to become compact for larger and larger
values of l.
The first order equations (22) are very hard to be
solved analytically for a general l. However, we found
5FIG. 6: The electric (top left) and magnetic (top right) fields
(10), the temporal component of the gauge field (6) (bottom
left) and the energy density (24) (bottom right), plotted for
l = 1, 4, 16 and 64, with the case l = 1 as the dotted line.
that, as l increases, the solutions tend to get the com-
pact profile
ac(r) =
{
1, r ≤ rc
0, r > rc,
(23a)
gc(r) =
{
r
rc
, r ≤ rc
1, r > rc.
(23b)
where rc is the compactification radius, which is calcu-
lated numerically for a very large value of l; it has the
value rc ≈ 0.995. In Fig. 5, we depict the solutions of
Eqs. (22) for several values of l, including the limit given
by Eq. (23).
Also, we have to look at the electric and magnetic fields
of Eq. (10) to study its behavior. In Fig. 6, we have
sketched the electric and magnetic fields, as well as the
temporal gauge field A0 of Eq. (6), and the corresponding
energy density. The uniform behavior of the functions
ac(r) and gc(r) of Eq. (23) inside the compact sector
makes the electric and magnetic fields tend to become a
Dirac’s delta as l increases. For l very large, these fields
only exists as a very marrow ring around the unit value of
r. Also, we study the energy density, given by Eq. (13),
which becomes
ρ =
a′2
4r2lg2l
+ lg2l−2g′2 +
la2g2l
r2
+ g2l
(
1− g2l)2 . (24)
It is also displayed in Fig. 6 for several values of l.
We see that as l increases, the electric field, the mag-
netic field and the energy density become taller and thin-
FIG. 7: The energy density (24) depicted in the polar coor-
dinates (r, θ) for l = 4 (top left), l = 8 (top right), l = 16
(bottom left) and l = 32 (bottom right), illustrating that the
vortex shrinks to become compact, living inside a narrower
and narrower ring around r = rc as l increases to larger and
larger values.
ner. They tend to become compact, living in a narrow
area around r = rc. In particular, the energy density be-
haves in a way such that the total energy obtained by nu-
merical integration is always approximately equal to 2pi,
regardless the value of l. We then conclude that the vor-
tex tends to become compact as l increases to larger and
larger values, existing only inside a narrow ring around
r = rc.
As far as we can see, this behavior was never seem
before, so we illustrate it again in Fig. 7 where one de-
picts the energy density using polar coordinates, for some
values of l.
IV. CONCLUSIONS
In this work we studied two new models described by
generalized Chern-Simons systems of the class (1). The
two models are controlled by a single parameter that ap-
pears in the potential and in the function K(|ϕ|) that
modifies the scalar field dynamics. In the first model,
we showed that although the solutions tend to go to
their boundary conditions faster when the parameter gets
larger, they do not shrink enough to make the vortices
compact. This happens because the potential tends to
acquire the very same form of the one that appears in
the standard case presented before in Refs. [6, 7].
The investigation continued with the study of another
model, the second model which is described by a poten-
6tial whose concavity around its unit minimum tends to
become narrower as the parameter increases to larger and
larger values. This behavior is illustrated in Fig. 4 and
is very nice, since it makes the solutions shrink signifi-
cantly, inside a narrow ring around r = rc, as illustrated
in Figs. 6 and 7. This model is very different from the
previous one and we could see that it starts with the
standard model described in Refs. [6, 7] in the case l = 1.
The effect of the compactification engendered by the sec-
ond model is original and very interesting, and since it
appears in a system that supports first-order differential
equations, it may perhaps be extended to become super-
symmetric and so of more general interest.
Other issues concern modification of the current work
to consider the case of non-relativistic dynamics [33] and
also, extensions of the Abelian U(1) symmetry to the
non-Abelian case.
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